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2.2 S
till Im

ag
e C

o
m

p
ressio

n
 

T
ech

n
iq

u
es

N
ew

 standards in the telecom
m

unication are defined by 
the International T

elecom
m

unications U
nion (IT

U
-T

) (in 
form

er tim
es: C

C
IT

T
 =

 C
om

m
itée C

onsultatif
International de T

éléphonie
et T

élégraphie).

T
he standard for lossless T

elefax com
pression w

as one 
of the early standards for still im

age com
pressions.

Im
ages are interpreted by the G

roup 3 com
pression 

standard as tw
o-tone (black-and-w

hite) pictures. A
s a 

result any pixel can be represented by one bit. T
he 

exam
ple show

s a part of a line of black-and-w
hite 

pixels. O
bviously, runs w

ill be m
uch larger than 1 in 

m
ost cases, and thus run-length encoding is efficient. 

E
xam

p
le:

2.2.1
T

elefax

run-length encoding:
4w

 3s 1w
 1s 2w

 1s
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F
ax S

tan
d

ard
s o

f IT
U

-T

S
tan

d
ard

 T
.4 

F
irst passed in 1980, revised in 1984 and 1988 (F

ax 
G

roup 3) for error-prone lines, especially telephone 
lines

T
w

o-tone (black-and-w
hite) im

ages of size A
4

R
esolution: 100 dots per inch (dpi) or 3,85 lines/m

m
 

vertical, 1728 sam
ples per line

O
b

jective:
T

ransm
ission at 4800 bits/s over the telephone line 

(one A
4 page per m

inute)

S
tan

d
ard

 T
.6 

F
irst passed in 1984 (F

ax G
roup 4) for error-free lines 

or digital storage.
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C
o

m
p

ressio
n

 S
tan

d
ard

s fo
r T

elefax (1)

T
elefax G

ro
u

p
 3,  IT

U
-T

 R
eco

m
m

en
d

atio
n

 T
.4:

F
irst ap

p
ro

ach
: M

o
d

ified
 H

u
ffm

an
 C

o
d

e (M
H

)
•

E
very im

age is interpreted as consisting of lines of 
pixels

•
F

or every line the run-length encoding is 
calculated.

•
T

he values of the run-length encoding w
ill be 

H
uffm

an coded w
ith a standard table. 

•
B

lack an w
hite runs w

ill be encoded using different 
H

uffm
an codes because the run length 

distributions are quite different. 

•
F

or error detection an E
O

L (end-of-line) code is 
inserted in the end of every line. T

his enables re-
synchronization in case of bit transm

ission errors.
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C
o

m
p

ressio
n

 S
tan

d
ard

s fo
r T

elefax (2)

S
eco

n
d

 ap
p

ro
ach

 : M
o

d
ified

 R
ead

 (M
R

) C
o

d
e

•
T

he pixel values of the last line are used to predict 
the values of the current line

•
T

hen  run-length encoding and a static H
uffm

an 
code are used (sam

e as for M
H

). 
•

T
he E

O
L code is also used. 

T
he M

H
 and M

R
 coding alternates in order to avoid 

error propagation. 
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H
u

ffm
an

-T
ab

le fo
r T

elefax G
ro

u
p

 3 (excerp
t)

W
h

ite
 ru

n
 

le
n

g
th

 
C

o
d

e
 w

o
rd

 
B

la
c

k
 ru

n
 

le
n

g
th

 
C

o
d

e
 w

o
rd
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T
elefax G

ro
u

p
 4

T
elefax G

ro
u

p
 4, IT

U
-T

 R
eco

m
m

en
d

atio
n

 T
.6 

C
oding techniques: M

odified M
odified R

ead C
ode 

(M
M

R
)

•
S

im
plification of the M

R
-C

odes; there are no error 
detection m

echanism
s on order to im

prove the 
com

pression rate.

T
yp

ical C
o

m
p

ressio
n

 rates:

F
or photos (and the like) the com

pression rate is low
 

because the the length of the runs is very short. O
ther 

schem
es such as adaptive arithm

etic coding w
ould be 

m
ore suitable.

 
G

e
s

c
h

ä
ftsd

o
k

u
m

e
n

te
 

G
ru

p
p

e
 3

: 
2

0
:1

 

G
ru

p
p

e
 4

: 
5

0
:1
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2.2.2  B
lo

ck T
ru

n
catio

n
 C

o
d

in
g

 (B
T

C
)

T
his sim

ple coding algorithm
 is used in the com

pression of 
m

onochrom
e im

ages. E
very pixel is represented by a gray 

value betw
een 0 (black) and  255 (w

hite).

T
h

e B
T

C
 A

lg
o

rith
m

1.D
ecom

pose the im
age into blocks of size n x m

 pixels. 
2.F

or each block calculate the m
ean value and the standard 

deviation as follow
s:

∑
∑

=
=

=
n

i

mj

j
i

Y
nm

1
1

,
1

µ

∑
∑=

=

−
=

ni

mj

j
i

Y
nm

1

2

1

,
)

(
1

µ
σ

w
here Y

i,j is the brightness of the pixel.

3.
C

alculate a bit array B
 of size n x m

 as follow
s:

      
≤

=
else

Y
if

B

j
i

j
i

�

�

0 1
,

,

µ
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T
h

e B
T

C
 A

lg
o

rith
m

 (co
n

tin
u

ed
))

4.
C

alculate tw
o gray scale values for the darker and 

the brighter pixels:

p
is the num

ber of pixels having a larger brightness 
than the m

ean value of the block, q is the num
ber of 

pixels having a sm
aller brightness. 

5.
O

utput: (B
it m

atrix, a, b) for every block.

q
p

a
σ

µ
−

=

p
q

b
σ

µ
+

=
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D
eco

m
p

ressio
n

 w
ith

 B
T

C

F
or every block the gray value of each pixel w

ill be 
calculated as follow

s:

C
o

m
p

ressio
n

 rate exam
p

le

B
lock size :

4 x 4
O

riginal (gray values)
1 byte per pixel

E
ncoded representation:

bit m
atrix w

ith 16 bits + 
2 x 8 bits for a

and b

=
>

reduction from
 16 bytes to 4 bytes, I.e., the 

com
pression rate is 4:1.

  
=

=
else

b

B
if

a
Y

j
i

j
i

� �
1

'
,

,
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2.2.3  C
o

lo
r C

ell C
o

m
p

ressio
n

C
olor cell com

pression (C
C

C
) is a algorithm

 for the 
com

pression of color im
ages. In principle, B

T
C

 can be 
used for color im

ages rather than for gray scale im
ages 

by com
pressing the three color com

ponents separately. 
H

ow
ever, the C

olor C
ell C

om
pression technique leads 

to a better com
pression rate. 
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C
o

lo
r M

o
d

els

T
he classical color m

odel for the com
puter is the R

G
B

 
m

o
d

el. T
he color value of a pixel is the sum

 of the 
intensities of the color com

ponents red, green and blue. 
T

he m
axim

um
 intensity of all three com

ponents results 
in w

hite.
In the Y

U
V

 m
o

d
el, Y

represents the value of the 
lum

inance (brightness) of the pixel, U
 and V

 are tw
o 

vertical color vectors. T
he color value of an pixel can be 

easily converted from
 m

odel to m
odel.

A
 advantage of the Y

U
V

 m
odel is that the value of the 

lum
inance is directly available. T

hat m
eans that a gray 

scale version of the im
age can be created very fast. 

A
nother point is that the com

pression of the lum
inance 

com
ponent can differ from

 the com
pression of the 

chrom
inance com

ponents.
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T
h

e C
C

C
 A

lg
o

rith
m

 

1.
D

ecom
pose the im

age into blocks of size n x m
 

pixels.

2.
T

he brightness of a pixel is com
puted as follow

s:
Y

 =
 0.3P

red
+

 0.59P
green

+
 0.11P

blue

Y
=

0 is equivalent to black, Y
=

1 is equivalent to 
w

hite

3.
F

or c =
 red, green, blue calculate the m

ean color 
value of the pixel as follow

s:

∑
∑

≤

=
=

µ
µ

 
j

i
j

i
Y

j
i

c
Y

c
j

i
c

c
P

p
b

P
q

a
,

,

,
,

,
,

 
 

1 
 

        
, 

 
1 

 

A
gain, q

and p
are the num

bers of pixels w
ith a 

brightness larger or sm
aller than the m

ean value, 
respectively. 
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T
h

e C
C

C
 A

lg
o

rith
m

 (co
n

tin
u

ed
)

4.
C

alculate a bit array B
 of size n x m

 as follow
s:

5.
T

he color values a
=

 (a
red , a

green , a
blue ) and b

= (b
red , 

b
green , b

blue ) are now
 quantized onto a color lookup 

table. W
e get the values a’ and b’as an index for 

the C
olor Lookup T

able (C
LU

T
).

6.
O

utput: (bit m
atrix, a’, b’) for every block

      
≤

=
else

Y
if

B

j
i

j
i

�

�

0 1
,

,

µ
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D
eco

m
p

ressio
n

 o
f C

C
C

 Im
ag

es

F
or every block the decom

pression algorithm
 w

orks as 
follow

s:

  
=

=
else

b
C

L
U

T

B
if

a
C

L
U

T
P

j
i

j
i

� �

]'
[

1
]'

[
'

,
,
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U
sag

e o
f th

e C
o

lo
r L

o
o

ku
p

 T
ab

le in
 C

C
C

a'b'

. . .

C
C

C

C
L

U
T

G
B

R
G

B
R

G
B

R

G
B

R
G

B
R

G
B

R
G

B
R

G
B

R
G

B
R

G
B

R
G

B
R

G
B

R
G

B
R

G
B

R
G

B
R

G
B

R

G
B

R

G
B

R

G
B

R

G
B

R

G
B

R
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E
xten

d
ed

 C
o

lo
r C

ell C
o

m
p

ressio
n

 (X
C

C
C

)

T
his m

ethod is an extension of C
C

C
 for further 

im
provem

ent of the com
pression rate.

Id
ea

U
se a hierarchy of block sizes. In the first step the 

algorithm
 tries to code a large block w

ith C
C

C
. If the 

difference to the true color values is greater than a 
given threshold the block is divided into four parts. T

he 
algorithm

 w
orks recursively (invented at U

. M
annheim

). 

3
a

b
64 bit

3
a

b
64 bit

3
a

b
64 bit

2
a

b
16 bit

a
b

16 bit

a
b

16 bit

a
b

16 bit

1
23

4
56

7

1
2

3

4
5

6
7
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2.2.4 A
 B

rief In
tro

d
u

ctio
n

 to
 

T
ran

sfo
rm

atio
n

s

M
o

tivatio
n

fo
r T

ran
sfo

rm
atio

n
s

Im
provem

ent of the com
pression ratio w

hile 
m

aintaining a good im
age quality.

W
h

at is a tran
sfo

rm
atio

n
?

•
M

athem
atically: a change of the base of the 

representation
•

Inform
ally: representation of the sam

e data in a 
different w

ay.

M
otivation for the use of transform

ations in 
com

pression algorithm
s: In

 th
e freq

u
en

cy d
o

m
ain

, 
leavin

g
 o

u
t d

ata is o
ften

 less d
istu

rb
in

g
 to

 th
e 

h
u

m
an

 visu
al (o

r au
d

itive) system
 th

an
 leavin

g
 o

u
r 

d
ata in

 th
e o

rig
in

al d
o

m
ain

.

A
G

raduate C
ourse

on 
M

ultim
edia T

echnology
2.C

om
pression, 

P
art 2.2

2.2-18
©

 W
olfgang E

ffelsberg, 
R

alf S
teinm

etz

In the
frequency

space
the

signal(one-dim
ensional or

tw
o-dim

ensional) is
represented

as
an overlay

of base
frequencies. T

he
coefficients

of the
frequencies

specify
the

am
plitudes

w
ith

w
hich

the
frequencies

occur
in the

signal.

T
h

e F
req

u
en

cy D
o

m
ain
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T
he F

ourier transform
 of a function

fis defined as 
follow

s:

w
here

e
can

be
w

ritten
as

N
ote: 

T
he

sin
partm

akes
the

function
com

plex. Ifw
e

only
use

the
cos

partthe
transform

rem
ains

real-valued. 

T
h

e F
o

u
rier T

ran
sfo

rm

∫
−

=
dx

e
x

f
t

f
itx

π 2
)

(
)

( ˆ

)
sin(

)
cos(

x
i

x
e

ix
+

=
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A
 transform

asks
how

the
am

plitude
for

each
base

frequency
m

ustbe
chosen

such
that the

overlay (sum
) 

approxim
ates

the
original function. 

D
as A

usgangssignal (c) w
ird dargestellt als S

um
m

e der 
beiden S

inusschw
ingungen (a) und (b).

O
verlayin

g
 th

e F
req

u
en

cies
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O
n

e-D
im

en
sio

n
al C

o
sin

e T
ran

sfo
rm

∑
=

+
=

7

0
16

)1
2(

cos
2 1

x

x
u

u
u

x
s

C
S

π

  
=

=
otherw

ise

u
for

C
u

1

0
2 1

T
he D

iscrete C
osine T

ransform
 (D

C
T

) is
defined

as
follow

s:

w
ith
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E
xam

p
le fo

r a 1D
 A

p
p

ro
xim

atio
n

 (1)

T
he

follow
ing

one-dim
ensional signalis

to be
approxim

ated
by

the
coefficients

of a 1D
–D

C
T

 w
ith

eightbase
frequencies. 
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S
om

e of the D
C

T
 kernels to be used in the 

approxim
ation.

E
xam

p
le fo

r
a 1D

 A
p

p
ro

xim
atio

n
 (2)
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D
C

 coefficient

D
C

coefficient+
 1st A

C
 coefficient

E
xam

p
le fo

r
a 1D

 A
p

p
ro

xim
atio

n
 (3)
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D
C

 coefficient+
 A

C
 coefficients

1-3

D
C

 coefficient+
 A

C
 coefficients

1-7

E
xam

p
le fo

r
a 1D

 A
p

p
ro

xim
atio

n
 (4)
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2.2.5  JP
E

G

T
he Joint P

hotographic E
xperts G

roup (JP
E

G
, a 

w
orking group of IS

O
) has developed a very efficient  

com
pression algorithm

 for still im
ages w

hich is 
com

m
only referred to under the nam

e of the group.

C
om

pression is done in in four steps:

1.
Im

age preparation

2.
D

iscrete C
osine T

ransform
 (D

C
T

)

3.
Q

uantization

4.
E

ntropy E
ncoding
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T
h

e D
C

T
-b

ased
 JP

E
G

 E
n

co
d

er

8 x 8 blocks

S
ource Im

age D
ata

D
C

T
-B

ased E
ncoder

F
D

C
T

Q
uantizer

E
ntropy

E
ncoder

C
om

pressed
Im

age D
ata

Table
S

peci-
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C
o

d
in

g
 o

f th
e C

o
lo

r C
o

m
p

o
n

en
ts w

ith
 a 

L
o

w
er R

eso
lu

tio
n

 (“C
o

lo
r S

u
b

sam
p

lin
g

")

O
ne advantage of the Y

U
V

 color m
odel is that the color 

com
ponents U

 and V
 of a pixel can be represented w

ith 
a low

er resolution than the lum
inance value Y

. T
he 

hum
an eye is m

ore sensitive to brightness than to 
variations in chrom

inance. T
herefore JP

E
G

 uses color 
subsam

pling: for each group of four lum
inance values 

one chrom
inance value for each U

 and V
 is sam

pled.

In JP
E

G
 four Y

 blocks of size of 8x8 together w
ith one 

U
 block and one V

 block of size 8x8 each are called a 
m

acroblock. 

= Lu
m

in
an

ce

= C
h

ro
m

in
an

ce
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JP
E

G
 "B

aselin
e" M

o
d

e

A
 com

pression algorithm
 based on a transform

 from
 the 

tim
e dom

ain into the frequency dom
ain.

Im
ag

e tran
sfo

rm
atio

n
F

D
C

T
 (F

orw
ard D

iscrete C
osine T

ransform
). V

ery 
sim

ilar to the F
ourier transform

ation. It is used 
separately for every 8x8 pixel block of the im

age.

∑
∑=

=

+
+

=
7

0

7

0
16

)1
2(

cos
16

)1
2(

cos
4 1

x
y

yx
v

u
vu

v
y

u
x

s
C

C
S

π
π

  
=

=
otherw

ise v
u

for
C

C
v

u

1

0
,

2 1

,

w
ith

T
his transform

ation is com
puted 64 tim

es per block. 
T

he result are 64 coefficients in the frequency dom
ain. 
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B
ase “F

req
u

en
cies” fo

r th
e 2D

-D
C

T

T
o cover an entire block of size of 8x8 w

e use 64 base 
“frequencies”, as show

n below
. 
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E
xam

p
le o

f a B
ase F

req
u

en
cy

16

0
)1

2
cos(

16

2
)1

2
cos(

π
π

⋅
+

⋅
⋅

+
y

x

T
he figure below

 show
s the D

C
T

 kernel 
corresponding to the base frequency (0,2) show

n 
in the highlighted fram

e (first row
, third colum

n) 
on the previous page.
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E
xam

p
le: E

n
co

d
in

g
 o

f an
 Im

ag
e w

ith
 th

e 2D
-

D
C

T
 an

d
 b

lo
ck size 8x8

O
riginal

1 C
oefficient

4 C
oefficients

16 C
oefficients
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Q
u

an
tizatio

n

T
he

nextstep
in JP

E
G

 is
the

quantization of the D
C

T
 

coefficients. Q
uantization m

eans that the range of 
allow

able values is subdivided into intervals of fixed 
size. T

he larger the intervals
are

chosen, the larger the 
quantization error

w
ill be

w
hen

w
e

decom
press.  

M
axim

um
 quantization error: a/2 obere E

ntscheidungsgrenze

Q
uantisierungs-

intervallgröß
e a

untere E
ntscheidungsgrenze

a

a/2

a/2
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Q
u

an
tizatio

n
: Q

u
ality vs. C

o
m

p
ressio

n
 R

atio

C
o

arse Q
u

an
tizatio

n

0
0
0

0
0
1

0
1
0

0
1
1

1
0
0

1
0
1

1
1
0

1
1
1

F
in

e Q
u

an
tizatio

n

0
0
0
0
0

0
0
0
0
1

0
0
0
1
0

0
0
0
1
1

0
0
1
0
0

...........

Range of Values

1
1
1
1
1

1
1
1
1
0
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Q
u

an
tizatio

n

In JP
E

G
 the num

ber of quantization intervals can be 
chosen separately for each D

C
T

 coefficient (Q
-factor). 

T
he Q

-factors are specified in a  quantization table. 

E
n

tro
p

y-E
n

co
d

in
g

T
he quantization step is follow

ed by an entropy 
encoding (lossless encoding) of the quantized

values:
•

T
he D

C
 coefficient is the m

ost im
portant one (basic 

color of the block). T
he D

C
 coefficient is encoded 

as the difference betw
een the current D

C
 coefficient 

value and the one from
 the previous block 

(differential coding). 

•
T

he A
C

 coefficients are processed in zig-zag
order. 

T
his places coefficients w

ith sim
ilar values in 

sequence.
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Q
u

an
tizatio

n
 an

d
 th

e E
n

tro
p

y E
n

co
d

in
g

Z
ig-zag

reordering of the coefficients is better than a 
read out line-by-line because the input to the entropy 
encoder has a few

 non-zero and m
any zero coefficients 

(representing higher frequencies, I.e. sharp edges). 
T

he non-zero coefficients tend to occur in the upper 
left-hand corner of the block, the zero coefficients in the 
low

er right corner. 

T
he zig-zag read out m

axim
izes the run-lengths. T

he 
run length values are then H

uffm
an-encoded (sim

ilar to 
the F

ax com
pression algorithm

).

entropy
encoder

A
C

63
A

C
1

D
C

i  =
 D

C
i - D

C
i -1

quant.

D
C

T

coeff.

D
C

i
D

C
i-1

zig-zag
reordering
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JP
E

G
 D

eco
d

er

R
econstructed

 Im
age D

ata

D
C

T
-B

ased D
ecoder

ID
C

T
D

e-
quantizer

E
ntropy

D
ecoder

C
om

pressed
Im

age D
ata

Table
Speci-
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D
ifferen

t M
o

d
es in

 JP
E

G

JP
E

G
 S

eq
u

en
tial M

o
d

e

JP
E

G
 P

ro
g

ressive M
o

d
e



A
G

raduate C
ourse

on 
M

ultim
edia T

echnology
2.C

om
pression, 

P
art 2.2

2.2-39
©

 W
olfgang E

ffelsberg, 
R

alf S
teinm

etz

Q
u

an
tizatio

n
 F

acto
r an

d
 Im

ag
e Q

u
ality

E
xam

p
le: P

alace in
 M

an
n

h
eim

P
alace, o

rig
in

al im
ag

e

P
alace im

ag
e w

ith
 Q

=6
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P
alace E

xam
p

le (co
n

tin
u

ed
)

P
alace im

ag
e w

ith
 Q

=12

P
alace im

ag
e w

ith
 Q

=20
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F
lo

w
er E

xam
p

le

F
lo

w
er,  o

rig
in

al im
ag

e

F
lo

w
er w

ith
 Q

=6
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E
xam

p
le flo

w
er (C

o
n

tin
u

atio
n

)

F
lo

w
er w

ith
 Q

=12

F
lo

w
er w

ith
 Q

=20
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2.2.6 C
o

m
p

ressio
n

 w
ith

 W
avelets

M
o

tivatio
n

S
ignal analysis and signal com

pression.

K
now

n: im
age com

pression algorithm

•
based on the pixel values (B

T
C

; C
C

C
; X

C
C

C
)

•
based on transform

ation in the frequency dom
ain 

(F
ourier-T

ransform
ation, D

C
T

)

W
hat is a transform

ation ?

•
In m

athem
atics: C

hanging of the bases
•

Interpretation: R
epresentation of another w

ay.
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“S
tandard” representation of a signal:

•
A

udio signal w
ith frequencies over the tim

e 
•

Im
age as pixel values on locations

T
hat is not the “real” signal, but w

e are fam
iliar w

ith it.

E
xam

p
le



A
G

raduate C
ourse

on 
M

ultim
edia T

echnology
2.C

om
pression, 

P
art 2.2

2.2-45
©

 W
olfgang E

ffelsberg, 
R

alf S
teinm

etz

In the representation, w
e are fam

iliar w
ith, the values 

represents a  tim
e/location relation. T

hat is called tim
e 

dom
ain.

In the F
requency dom

ain the changes of a signal are in 
the focus. 

•
H

ow
 strong is the variation of the am

plitude of the     
audio signal?
•

H
ow

 strong varies the transition from
 one pixel to the 

next ?
•

W
hich frequencies are in the given signal ? 

T
h

e freq
u

en
cy d

o
m

ain
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W
e rem

em
ber our self:

F
ourier-T

ransform
ation from

 f:

A
nd the e-

function could be w
ritten as:

S
inus and C

osines are  know
n: T

hey reach from
to

R
eview

: F
o

u
rier-T

ran
sfo

rm
atio

n

∫
−

=
dx

e
x

f
t

f
itx

π 2
)

(
)

( ˆ

)
sin(

)
cos(

x
i

x
e

ix
+

=
∞

−
∞
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A
 transform

ation w
eights every single frequency to 

prepare it for a accum
ulation of all frequencies for to 

reconstruction of the original signal. 

T
he output signal (c) is represented as a sum

 of the tw
o 

sine oscillation (a) und (b).
B

y the w
ay:

JP
E

G
 uses the D

C
T

 and not the F
T

 –
because the sinus 

function changes the F
T

 to a com
plex transform

ation. If 
the cosines is used, the F

T
 stands in the real room

.

S
u

ited
 tran

sfo
rm

atio
n

)
sin(

)
cos(

x
i

x
e

ix
+

=
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If a signal w
ith a high “locality” should be represented, 

great m
any sine and cosine oscillations m

ust be added. 
T

he exam
ple show

s a signal (upper figure), w
hich 

disappears on the edges. It is put together w
ith sine 

oscillations from
 0-5 H

z and 15-19 H
z (low

er figure).

W
anted: A

 frequency representation by functions, w
hich 

features a high locality. W
ith this functions it is possible 

to construct the signal only w
ith a view

 addends from
 

different frequencies.

T
he solution: W

avelets !

P
ro

b
lem

s w
ith

 th
e F

o
u

rier-T
ran

sfo
rm

atio
n
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A
 w

avelet is a function
, w

hich satisfy the follow
ing 

perm
issibility condition:

A
s follow

s:

A
 w

avelet is a function, w
hich exists only during a 

lim
ited interval <

> 0 and w
hich has the sam

e “over the 
curve” like “under the curve”. 

w
avelet =

 sm
all w

ave
(engl.)

ondelette
=

 petite onde
(frz.)

W
ellchen

=
 kleine W

elle
(dt.)

W
h

at is a W
avelet ?

∞
<

=
<

∫
ω

ω ω
ψ

π
ψ

d
c

R
|

|

|)
( ˆ

|
2

:
0

2

ψ

∫
∫ =

=
=

−
dx

x
dx

e
x

x
i

)
(

)
(

)0
( ˆ

0
0

2
ψ

ψ
ψ

π
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E
xam

p
le-W

avelets

H
aar-W

avelet

M
exican H

at

D
aubechies-2

1-1 0
0

1/2
1
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P
ractical ap

p
licatio

n

Lim
itations:

Instead of the general theory, w
e consider only:

•
discrete W

avelet T
ransform

ations (D
W

T
)

•
dyadic D

W
T

, that m
eans  “F

actor 2”

•
orthogonal W

avelets

... F
rom

 now
 on all things are very easy and “H

ands 
O

n” ...

S
téphane M

allatdiscovered a correlation betw
een 

orthogonal W
avelets

and F
ilters, w

hich are know
n in 

the signal processing and the engineering science a 
long tim

e before.
T

hat’s the reason for the term
s “high-pass filter” 

(~W
avelet) and “low

-pass filter” (~
S

caling F
unction).
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E
xam

p
le: H

aar-T
ran

sfo
rm

atio
n

 (I)

W
e execute a W

avelet-T
ransform

ation w
ith the H

aar-
W

avelet w
ithout any care about the theory. A

fter all, w
e 

w
ill give the relation to the learned theory…

 

O
bjective: D

ecom
position of a one dim

ensional signal 
(e.g. A

udio) in W
avelet-coefficients.

T
im

e

A
m

plitude

1 2 3 4

Signal

(a) G
raphical R

epresentation

1
2

2
3

2
3

4
1

1
2

2
1

1

(b) R
epresentation by coefficients over the tim

e
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H
ow

 can w
e represent the signal in another w

ay w
ithout any 

loss of inform
ation ?

A
 rougher representation uses (e.g.) the m

ean value betw
een 

to values. 

F
ilter for the calculation of the m

ean value (A
pproxim

ation):

A
 filter “w

ill be situated” over the signal. T
he values, w

hich are 
laying “one upon the other” w

ill be m
ultiplicated, and all 

together added ( Æ
convolution).

E
xam

p
le: H

aar-T
ran

sfo
rm

atio
n

 (II)

T
im

e

A
m

plitude

1 2 3 4

Signal

1
2

2
3

2
3

4
1

1
2

2
1

1

1.5
2.5

2.5
2.5

1.5
1.5

Signal

A
pproxim

ation

A
pproxim

ation

1/2
1/2
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E
xam

p
le: H

aar-T
ran

sfo
rm

atio
n

 (III)

W
ith the representation of the signal by the 

approxim
ation w

e loose Inform
ation ! T

o reconstruct the 
signal w

e m
ust know

 how
 far the tw

o values are aw
ay 

from
 the m

ean value. 

F
ilter for the calculation of the differences (detail): T

im
e

A
m

plitude

1 2 3 4

Signal

1
2

2
3

2
3

4
1

1
2

2
1

1

1.5
2.5

2.5
2.5

1.5
1.5

Signal

M
ean value

M
ean value

1/2
-1/2

-0.5
-0.5

-0.5
1.5

-0.5
0.5

D
etail

D
etail
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E
xam

p
le: H

aar-T
ran

sfo
rm

atio
n

 (IV
)

W
e have decom

posed the original signal in another 
representation. N

otice: T
he num

ber of coefficients w
e 

need for a com
plete representation is unchanged. (T

hat 
is the m

eaning of the m
athem

atical term
 “base 

transform
ation”).

T
o reconstruct the original signal w

ith the approxim
ation 

and the details synthesis filters
used. 

W
ith that: 

1.5*1+
(-0.5)*1     =

 1 (S
ynthesis of the 1. value)

1.5*1+
(-0.5)*(-1) =

 2 (S
ynthesis of the 2. value)

2.5*1+
(-0.5)*1     =

 2 (S
ynthesis of the 1. value)

2.5*1+
(-0.5)*(-1) =

 3 (S
ynthesis of the 2. value)

etc. 1
1

1
2

2
3

2
3

4
1

1
2

2
1

1

1.5
2.5

2.5
2.5

1.5
1.5

Signal

M
ean value

-0.5
-0.5

-0.5
1.5

-0.5
0.5

D
etail

Synthesis filter for the 1. V
alue

1
-1

Synthesis filter for the 2. V
alue
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A
ll together w

e need 4 F
ilter for the decom

position and 
for the synthesis of the original signal: 

•
A

pproxim
ation filter for the m

ean value
•

D
etail filter for the differences

•
S

ynthesis filter for the 1. V
alue

•
S

ynthesis filter for the 2. V
alue

T
he decom

position of the signal in approxim
ations and 

details can now
 be continued w

ith the input signal. 

D
eclarations:

A
pproxim

ation filter =
: Low

-pass filter
D

etail filter
=

:H
igh-pass filter

T
reatm

ent of the signal in rougher resolutions =
: M

ulti 
scale analysis.

E
xam

p
le: H

aar-T
ran

sfo
rm

atio
n

 (V
)

1
1

1
-1

1/2
1/2

1/2
-1/2
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E
xam

p
le: H

aar-T
ran

sfo
rm

atio
n

 (V
I)

R
ecursion w

ith the calculated approxim
ation (low

-pass 
filtered, w

ith a “rougher” version of the input signal):

S
tore the details (they w

ill be needed for the synthesis), 
and w

ork further w
ith the approxim

ations.

T
im

e

A
m

plitude

1 2 3 4

1
2

2
3

2
3

4
1

1
2

2
1

1

1.5
2.5

2.5
2.5

1.5
1.5

Signal

A
pprox. 1 

A
pproxim

ation 
1. Pass

2
2.5

1.5
A

pprox. 2

A
pproxim

ation 
2. Pass

2.25
A

pprox. 3
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H
ig

h
-

an
d

 L
o

w
-p

ass filter

T
he figure show

s a low
-pass filter. A

 low
-pass filter let 

pass low
er frequencies (m

ultiplication w
ith 1) and block 

higher frequencies (m
ultiplication w

ith 0). T
he transfer 

from
 the “P

ass B
and” to the “S

top B
and“ is in real not 

very sharp, that m
eans, that m

ostly exist a frequency 
band w

hich is neither filtered com
pletely nor be 

unchanged. –
the so called “T

ransition B
and” –

but it is 
not in our focus.

T
he high pass filter w

orks vice versa. 
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M
u

ltireso
lu

tio
n

A
n

alysis

If a signal (a function, a “dom
ain”) w

ill be successively 
view

ed in rougher scales (e.g. H
aar-T

ransform
ation), 

w
e call it M

ultiresolution
A

nalysis.

W
e look back

A
 coefficient of the signal represents a value. A

fter the 
first pass thru the W

avelet-T
ransform

ation the 
coefficient of the low

-pass includes inform
ation about 

tw
o signal values. In step 2 the coefficient includes 

inform
ation about four signal values etc.

T
he “scope of engagem

ent”  of a coefficient w
ill be 

stretched w
ith every step. W

e are doing alw
ays the 

sam
e but in different resolutions. 

1
2

2
3

2
3

4
1

1
2

2
1

1

1.5
2.5

2.5
2.5

1.5
1.5

Signal

A
pprox. 1 

2
2.5

1.5
A

pprox. 2

2.25
A

pprox. 3
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C
o

m
m

o
n

 W
avelet-T

ran
sfo

rm
atio

n

W
e have learned som

ething about the four filters of the 
H

aar-T
ransform

ation and the synthesis.

C
om

m
on W

avelet-F
ilters are m

ore com
plex. F

or a 
com

plete transform
ation w

e need in any case
a low

-pass 
filter, a high-pass filter an tw

o synthesis filter. T
he filter w

ill 
be layed over the signal and convoluted w

ith them
 (that 

m
eans a m

ultiplication and a addition). A
fter that, the filter 

w
ill be m

oved about 2 elem
ents

of the signal.

Im
portant notice: W

ith all filters w
ith a length >

 2 exists a 
boundary value problem

!

1
1

1
-1

1/2
1/2

1/2
-1/2

1
2

2
3

2
3

4
1

1
2

2
1

1
Signal

c0
c1

c2
c3

c0
c1

c2
c3

c0
c1

c2
c3

Successive convoluted 
of the signal w

ith a low
 

pass filter w
ith 4 

coefficients
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T
h

e u
sag

e o
f W

aveletts: 
A

u
d

io
 an

alysis

T
he introduced D

iscrete W
avelet T

ransform
ation 

decom
poses a signal in half of the resolution. 

T
he hum

an perception range of audio signals is 
betw

een 20 H
z up to 20K

H
z. 

T
he acoustic range w

ill be percepted in a logarithm
ic 

w
ay. T

he frequency range from
 100H

z to 200H
z w

ill be 
percepted in the sam

e strengthness  as the range 
betw

een 5000H
z to 10000H

z.

E
xact this differences are rebuild by the W

avelet 
T

ransform
ation.
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T
h

e u
sag

e o
f W

avelets: 
Im

ag
e co

m
p

ressio
n

It is useful, to present a signal in such a w
ay in w

hich a 
hum

an being percepts it. 

T
he segm

entation “from
 rough to fine” m

akes it 
possible to start to view

 a im
age w

ith the roughest 
presentation. If the m

em
ory/bandw

idth is sufficient it is 
possible to present m

ore details. 

Is the m
em

ory/bandw
idth is insufficient to present the 

im
age lossless it is also possible to present the m

ost 
im

portant inform
ation. 
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F
ilters in

 m
u

lti-d
im

en
sio

n
s

W
ith the conception of applications w

hich use the 
W

avelet-T
ransform

ation w
ith im

ages (2-dim
), videos (3-

dim
) it is necessary to think about the algorithm

 of 
m

ulti-dim
ension filters, instead of the one-dim

ensional 
W

avelet-T
ransform

ation w
hich is used w

ith for audio. 

If w
e look at a sm

all scope of w
avelets, the so called 

“separable W
avelets” w

e can start w
ith one-

dim
ensional filters and use them

 also for the other 
dim

ensions.

T
he figure show

s a still im
age, w

hich is first filtered line 
w

ise  w
ith the high-pass and low

-pass and then the 
filters are used to transform

 the colum
ns. 
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Im
ag

e co
m

p
ressio

n
 w

ith
 W

avelets (I)

O
riginal im

age „Lenna“

T
he 2-d problem

 is solved, if 
w

e start first w
ith the lines. 

T
he approxim

ation is w
ritten 

to left, the details to right.

T
he line w

ise filtered im
age is 

the initial im
age for the 

colum
n w

ise filtering process. 
T

his results 4 versions inside 
a com

plete recursion step. 
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Im
ag

e co
m

p
ressio

n
 w

ith
 W

avelets (II)

D
uring the storage of the details (they are not 

treated any m
ore), the approxim

ation w
ill now

 
filtered by a low

-pass and a high-pass filter. T
he 

resulted details w
ill be stored, the approxim

ations 
w

ill be treated further m
ore…
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JP
E

G
-2000 (I)

T
he new

 standard JP
E

G
-2000 bases not any  

m
ore on the D

C
T

 (like the JP
E

G
), it bases on the 

W
avelet T

ransform
ation. T

he view
able artifacts, 

w
hich results b

y a higher com
pression rate (and 

the im
plicit inform

ation losses) are not so 
disturbing for the hum

an perception like the block 
artifacts by JP

E
G

.

C
onclusion: 

A
 serial of still im

ages w
ith different com

pression 
rates. 
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JP
E

G
-2000 (II)
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JP
E

G
-2000 (III)
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2.2.7   Im
ag

e C
o

m
p

ressio
n

 w
ith

 
F

ractals

T
heory of the F

ractals =
 T

heory of the self-
sim

ilarity. S
elf sim

ilarity is describable in a 
m

athem
atical w

ay. 

E
xam

p
les fro

m
 n

atu
re:

C
oastline of an island

Id
ea fo

r th
e im

ag
e co

m
p

ressio
n

•
V

ery often a part of a im
age is sim

ilar to another part 
of the im

age. M
ore exact: It is possible to calculate 

w
ith sim

ple m
athem

atical functions (translation, 
rotation and scaling) from

 one part of the im
age 

another part. 
•

E
ncoding: F

ull-E
ncoding of the first part of the im

age 
for the sim

ilar parts. O
utput of the tran

sfo
rm

atio
n

 
o

p
eran

d
s.
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Im
ag

e co
m

p
ressio

n
 w

ith
 F

ractals

E
xam

p
le
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